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" Connected Components

Union-Find

Problem: find components in an undirected graph and answer
membership queries

How can we identify components?
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Union-Find ADT

MAKE-SET(x): makes a new set containing only x

UNION(x,y): combines the set containing x with the set
containing y

FIND-SET(x): returns a representative of the set containing x
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"' Connected Components Algorithms

Union-Find

BUILD-COMPONENTS(G)

: for all vertex v do
MAKE-SET(v)

: for all edge (u,v) do
UNION(u, V)

Ll

IS-SAME-COMPONENT (i, V)

1: return FIND-SET(u) == FIND-SET(v)
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A set is a tree rooted at a representative

How do we implement make/union/find efficiently?
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"' MAKE-SET, UNION Algorithms

MAKE-SET(x)
1: X.T<4<Xx
2: x.rank + 0

UNION(u,v)

x < FIND-SET(u)

y < FIND-SET(v)

if x.rank > y.rank then
VT4 X

else
Xy
if x.rank = y.rank then

increment y.rank

P A A
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" FIND-SET Algorithm

FIND-SET(x)

1: if x # x.7 then
2: x.7 < FIND-SET(x.7)

3: return x.7T
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union by rank: Track tree height, put shorter trees under taller
ones

Speed-Ups

\ckermanr

path compression: after FIND-SET, ensure touched nodes point
directly to root

For m operations on n sets, worst-case runtime is O(meo(n))
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Inverse Ackermann Function

o(n) is the inverse Ackermann function:

a(3) =
a(7) =

(2047

(32317006071311007300714876688669951960444102669715484032
13034542752465513886789089319720141152291346368871796092189
80194941195591504909210950881523864482831206308773673009960
91750197750389652106796057638384067568276792218642619756161
83809433847617047058164585203630504288757589154106580860755
23991239303855219143333896683424206849747865645694948561760
35326322058077805659331026192708460314150258592864177116725
94360371846185735759835115230164590440369761323328723122712
56847108202097251571017269313234696785425806566979350459972
68352998638215525166389437335543602135433229604645318478604
952148193555853611059596230656) =

So...we usually treat (n) as a constant, but we acknowledge it.
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